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Solution 10

1. Let E be a bounded, convex set in R™. Show that a family of equicontinuous functions is
bounded in F if it is bounded at a single point, that is, if there are ¢y € E and constant
M such that |f(zg)] < M for all f in this family.

Solution. By equicontinuity, for ¢ = 1, there is some dy such that |f(z) — f(y)] < 1
whenever |z — y| < dp. Let Br(zo) a ball containing F. Then |z — 29| < R for all z € E.
We can find zg, - ,x, = & where ndp < R < (n+1)dg so that |z,+1 —x,| < dp. It follows
that

n—1
F@) = Fao)l < S 1 (wjen — fla) < n < ;ﬁ
7=0

Therefore,

R
If(z)] < ]f(xo)\+n+1§M+5f Ve € E, Vf € F.
0

2. Let {fn} be a sequence of bounded functions in [0, 1] and let F,, be

Fu(z) = /0 " .

(a) Show that the sequence {F,} has a convergent subsequence provided there is some
M such that || fnlleo < M, for all n.

(b) Show that the conclusion in (a) holds when boundedness is replaced by the weaker
condition: There is some K such that

1
/‘fn’QSKa vn.
0

Solution.

(a) Since |Ful < [ [fa(t)|dt < M, and |Fy () — Fu(y)] < [7 | fa(®)ldt < [o—y|M, {F,} is
uniformly bounded and equicontinuous. Then it follows from Arzela-Ascoli theorem
that {F,} is sequentially compact.

(b) It follows from the Cauchy-Schwarz inequality that

|Fu(2) = Faly)| < / U falldt < ( / ' 12dt) v ( / ’ rfna)r?dt) " VR

Similarly one can show that {F,} is uniformly bounded. Then apply Arzela-Ascoli
theorem.

3. Prove that the set consisting of all functions G of the form

x
. 9(y)
G(z zsm2:p+/ ——dy,
) o 1+¢2() Y
where g € C[0, 1] is precompact in C[0, 1].

Solution. Straightforward to check |G|/~ < 2 and ||G’||z~ < 3. By Ascoli’s Theorem
this set is precompact.

4. Let K € C(Ja,b] X [a,b]) and define the operator T' by

b
(Tf)(x) = / K(z,9)f ()dy.
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(a) Show that 7" maps C|a, b] to itself.
(b) Show that whenever {f,} is a bounded sequence in C|a, b], {T' f,} contains a conver-
gent subsequence.

Solution.

(a) Since K € C([a,b] x [a,b]), given € > 0, there exists § > 0 such that |K(z,y) —
K(2',y)| < e, whenever |z — 2’| < §. Then for z,2" € [a,b], |z — 2’| < §, one has

b
(T)(x) = (Tf)(2)] < / K (2, y) — K (2" 9)|lf (y)ldy < |a—b]| flloce.

Hence T'f € Cla,b].

(b) Suppose sup,, || fnlloo < M < co. It follows from the proof of (a) that § can be taken
independent of n. Hence {f,} is equicontinuous. Furthermore, since |(Tf,)(z)| <
f; | K (z,y)||fn(y)|dy < M(b— a)|| K|, {fn} is uniformly bounded. Then it follows
from Arzela-Ascoli theorem that {T'f,,} contains a convergent subsequence.

5. Let f be a bounded, uniformly continuous function on R. Let f,(x) = f(x — a). Show
that there exists a sequence of unit intervals I}, = [ng,ny + 1], ng — oo, such that {f,, }
converges uniformly on [0, 1].

Solution. Each f, is defined on [0,1]. Since f is bounded and uniformly continuous on
R, {fn} is uniformly bounded and equivcontinuous. Apply Ascoli’s theorem it contains a
uniformly convergent subsequence.

Note. The lesson is, if you keep watching dramas in TVB every evening, soon you find
some new one resembling an old one.

6. Optional. A bump function is a smooth function <p in R? which is positive in the unit
disk, vanishing outside the ball, and satisfies [[5. ¢(x) dA(z) = 1. Let f be a continuous
function defined in an open set containing G where G is bounded and open in R?. For

small € > 0, define
=3 [[e(Y2) swaawm.

Show that f. is C*°(G) and tends to f uniformly as ¢ — 0.

Note. This property has been used in the proof of Cauchy-Peano theorem.

Solution. Since ¢ is smooth and the integration is in fact over a bounded set, for j = 1,2,

ggﬁ =3 //]R2 oz ( — )f(y) dA(y) .

By consecutive differentiation, one sees that f. is smooth. Next, note that

2 e (%

*) ) = 1.
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For, letting B be the ball {y : |y — z| < e},

Jloe () = [ () a4
= //R2SD(Z> dA(y)
= g2 //R? o(z) dA(z)
82 .

Now, for ¢ > 0, there is some & such that |f(y) — f(z)| < & when |z —y| < §, 2,y € G.

For ¢ € (0,9),
@ =@l = |5 [ e (P20 0w - rw)aa)

< 2 [[o(M2) 1w - s@laaw
e,

<

hence f. — f uniformly as ¢ — 0.

7. Determine which of the following sets are dense, open dense, nowhere dense, of first cate-
gory and residual in R (you may draw a table):

(a) A={n/2™: n,m € Z},

(b) B, all irrational numbers,

(¢) C ={0,1,1/2,1/3,---} ,

(@) D ={1,1/2,1/3,-} ,
() E={z: 2°+3x—-6=01},
(f) F=Ug(k,k+1),ke N,

Solution. (a) A is dense, not open, not nowhere dense, of first category and not residual.
(b) B is dense, not open, not nowhere dense, of second category and residual.

(c) C is not dense, not open (closed in fact), nowhere dense, of first category and not
residual.

(d) D is not dense, not open (not closed), nowhere dense, of first category and not residual.

(e) E is the finite set {(—3 4+ v/33)/2,(—3 — v/33)/2}. It is not dense, not open (closed in
fact), nowhere dense, of first category and not residual.

(e) F is dense, open, not nowhere dense, of second category and residual.

’ Sets ‘ Dense ‘ Open dense | Nowhere dense | First category | Residual

| | | Q) =
ANENEMENENES
rIENENENEVEN
NI X X% N X

N X% X[ %| X%
x| NN N X%]| X%
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8. Determine which of the following sets are dense, open dense, nowhere dense, of first cate-
gory and residual in C[0, 1] (you may draw a table):

a) A, all polynomials whose coefficients are rational numbers,
b) B, all polynomials,
c

() C={f: [y fla)dz #0},
d) D={f: f(1/2)=1}.

Solution. (a) A is dense (and countable too), not open, not nowhere dense, of first
category, and not residual.

(
(
(

(b) B is dense (and uncountable), not open, not nowhere dense, of first category and not
residual. ( B can be expressed as the countable union of P, where P, is the set of all
polynomials of degree not exceeding n. Each P, is closed and nonwhere dense.)

(c) C is dense, open, not nowhere dense, of second category, and residual.

(d) D is not dense, not open (closed in fact), nowhere dense, of first category, and not
residual.

] Sets ‘ Dense ‘ Open dense ‘ Nowhere dense ‘ First category ‘ Residual ‘

(SIESIIPN BN
IRSENEN
ANEYENEN
x| N x| X

x| N[ x| X
AN R




